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We develop the superﬁeld approach to the effective potential in three dimensions and calculate the one-
loop and two-loop Kählerian effective potential in commutative and noncommutative cases.
© 2009 Published by Elsevier B.V. Open access under CC BY license. The effective potential is a key object in quantum ﬁeld theory
whose study allows to obtain fundamental information about dif-
ferent aspects of an arbitrary physical theory, such as the structure
of the vacuum, spontaneous symmetry breaking, phase transitions,
etc. [1]. In the context of recent investigations of spontaneous
supersymmetry breaking [2], the study of the effective potential
in supersymmetric ﬁeld theories seems to be highly relevant. At
the same time, up to now, the supersymmetric effective poten-
tial was well studied only in four-dimensional space–time, where
the whole methodology for its evaluation, based on the use of
the superﬁeld approach on all steps of the calculations, was de-
veloped [3,4]. Such methodology was applied for different super-
symmetric ﬁeld theories, such as the Wess–Zumino model, both in
commutative [4] and noncommutative cases [5], general chiral su-
perﬁeld model [6] and super-Yang–Mills theory [7]. The superﬁeld
approach to the study of the supersymmetric effective potential
in three space–time dimensions was not well developed despite a
number of interesting results regarding three-dimensional super-
symmetric ﬁeld theories, especially noncommutative ones [8].
Therefore a natural problem is the development of a manifestly
supercovariant methodology for the calculation of the effective po-
tential in a three-dimensional supersymmetric ﬁeld theory. Some
diﬃculties related to this subject were pointed out in [9,10]. One
important point is that in writing the vacuum expectation value of
a scalar superﬁeld Φ(x, θ) = A(x)+ θαψα − θ2F (x), we would have
in general
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Φ(x, θ)
〉= a − θ2 f , (1)
with a and f constants (〈ψα〉 = 0 to preserve Lorentz invariance).
If we allow f = 0, the background-dependent propagator for the
quantum ﬁeld Φ becomes non-local in the θ variable, making
cumbersome the calculation of supergraphs. On the other hand, if
f = 0, the background superﬁeld 〈Φ〉 would be independent of the
Grassmanian coordinate of the superspace and, as a consequence,
every superspace integral of a polynomial of background superﬁeld
would identically vanish. In four space–time dimensions, such diﬃ-
culties can be surmounted, for example, by using the methodology
developed in [3,4] for the evaluation of the superﬁeld effective
potential. However, the structure of three-dimensional supersym-
metric models differs in relevant aspects when compared to the
four-dimensional theories. In particular, in three-dimensions there
are neither chiral nor anti-chiral superﬁelds, which play a funda-
mental role in the approach of [3,4]. In this work, we will show
how the above mentioned method must be modiﬁed for three-
dimensional theories. We shall work on a noncommutative space–
time, but our method also can be applied in the commutative case.
For simplicity, we will restrict ourselves to the case of a theory in-
volving a single scalar superﬁeld.
We start with the following three-dimensional superﬁeld the-
ory which is described by a general scalar superﬁeld action (see
f.e. [11]):
S[Φ] =
∫
d5z
[
1
2
ΦD2Φ − V (Φ)
]
, (2)
where Φ is a scalar superﬁeld. We will start by evaluating the su-
perﬁeld effective action, in loop expansion [13]. To do it, we make
a shift in the ﬁeld Φ ,
Φ → Φ0 +
√
h¯φ, (3)
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dex 0), and φ is a quantum one, which is contracted into propaga-
tors. As a result, the classical action (2) takes the form
S[Φ,φ] = S[Φ] +
∫
d5z
(
h¯
1
2
φ
[
D2 − V ′′(Φ)]φ
− h¯3/2 1
3! V
′′′(Φ)φ3∗ − h¯2
1
4! V
(IV)(Φ)φ4∗
)
+ · · · , (4)
where dots are for irrelevant terms in the two-loop approximation.
Here the star symbol denotes the fact that the usual product of the
ﬁelds is replaced by a Moyal–Groenewold one. The linear terms
in φ are omitted since they produce only one-particle-reducible
contributions which are irrelevant in the context of the effective
action. The effective action Γ [Φ] is deﬁned by the expression (see
more details in [12,13])
exp
(
i
h¯
Γ [Φ]
)
=N
∫
Dφ exp
(
i
h¯
S[Φ,φ]
)
, (5)
where N is a normalization factor. The general structure of the ef-
fective action can be cast in a form similar to the four-dimensional
case [3,4]:
Γ [Φ] =
∫
d5z K (Φ) +
∫
d5z F
(
DαΦ, D
2Φ;Φ), (6)
where the K (Φ) is the Kählerian effective potential and depends
only on the superﬁeld Φ but not on its derivatives, and F is called
auxiliary ﬁelds effective potential whose key property is its van-
ishing in the case when all derivatives of the superﬁelds are equal
to zero. It is easy to see that F is at least of the second order in
the auxiliary ﬁeld of the scalar supermultiplet. It can be explicitly
written as
F
(
DαΦ, D
2Φ;Φ)
= F2.1(Φ)D2Φ + F2.2(Φ)DαΦDαΦ + · · · , (7)
where the F2.1(Φ) and F2.2(Φ) are functions of Φ only but not
of its derivatives, and the dots correspond to terms with four or
more supercovariant derivatives. It is clear that this approach does
not require to impose the condition DαΦ = 0 which is known to
imply in diﬃculties in the interpretation of the results (see f.e. [9]).
We will work with a loop expansion for the effective action Γ ,
Γ [Φ] = S[Φ] + h¯Γ (1)[Φ] + h¯2Γ (2)[Φ] + · · · , (8)
the Kählerian potential K ,
K (Φ) = V (Φ) +
∞∑
L=1
h¯L KL(Φ), (9)
and similarly for F .
We start by considering the one-loop effective action in the
form
Γ (1) = i
2
Tr ln
[
D2 − V ′′(Φ)]+ c, (10)
where c is a constant coming from the normalization of the effec-
tive action. The more convenient normalization is Γ [0] = 0, which
corresponds to c = i2 Tr ln(D2).
As a ﬁrst approximation, let us consider the Kählerian effective
action. From a formal viewpoint this corresponds to disregarding
all terms depending on derivatives of Φ (both common and spinor
ones), and allows us to calculate the quantum corrections to V (Φ).
In this case, we can write
Γ (1) = i Tr ln[− V ′′(Φ)D2]. (11)
2This expression can be represented via the Schwinger proper-time
representation [14,15]:
Γ (1) = i
2
Tr
∞∫
0
ds
s
eis[−V ′′(Φ)D2]
= i
2
∫
d5z
∞∫
0
ds
s
eis[−V ′′(Φ)D2]δ5(z − z′)|z=z′ . (12)
Again, since we are calculating only the Kählerian part of the ef-
fective action, we have
Γ (1) = i
2
Tr
∫
d5z
∞∫
0
ds
s
e−isV ′′(Φ)D2eisδ5(z − z′)|z=z′ , (13)
or, using that (D2)2 =,
e−isV ′′(Φ)D2 =
∞∑
n=0
[−isV ′′(Φ)]2n+1
(2n + 1)! nD2 + · · · . (14)
Here the dots stand for terms which do not contribute to the in-
tegral. At this point, we can clearly state the difference between
the calculation of Γ (1) in four- and three-space–time dimensions.
In four dimensions [3,4], Γ (1) is given by an expression similar
to Eq. (13), but there are more independent structures involving
superderivatives and chiral and antichiral background superﬁelds.
The calculation of the exponential similar to Eq. (14) involves the
solving of a coupled set of differential equations, whose solutions
can be found but are of rather cumbersome form. In three di-
mensions the number of independent structures is much smaller,
actually only terms involving a D2 will be relevant to the calcu-
lation of the Kählerian effective action. We will shortly show that
these terms can be directly summed, thus providing a closed-form
expression for Γ (1) .
Let us now consider a function U (x, x′; s) = eisδ3(x − x′). Its
key property is that
i
∂U
∂s
= −U , (15)
which allows us to obtain
nU (x, x′; s)|x=x′
≡neisδ3(x− x′)|x=x′ =
√
i
8π3/2
(
−i d
ds
)n 1
s3/2
= i
n+1/2
8π3/2
(2n + 1)!!
2ns3/2+n
. (16)
From Eq. (14), after calculating the trace using that D2δ2(θ −
θ ′)|z=z′ = 1 and (2n+1)!!(2n+1)! = 1(2n)!! = 12nn! , we obtain
Γ (1) = i
16π3/2
∫
d5z
∞∫
0
ds
s
∞∑
n=0
[−√−iV ′′(Φ)]2n+1
4nn! s
n−1/2. (17)
By performing the summation, we end up with
Γ (1) = − i
√
i
16π3/2
∫
d5z V ′′(Φ)
∞∫
0
ds
s3/2
e−is[
(V ′′(Φ))2
4 ]. (18)
After an appropriate analytic continuation, we recognize in (18)
the integral deﬁning a Gamma function, and we ﬁnally arrive at
Γ (1) = 1
∫
d5z
[
V ′′(Φ)
]2
. (19)16π
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action. It is positively deﬁned, as it should be in a supersymmet-
ric theory. We note its ﬁniteness, and we can also observe that
this expression holds also in the noncommutative case. Indeed,
since the background superﬁeld is constant in the space–time,
the Moyal–Groenewold product of these superﬁelds reduces to the
usual one (for reviews on noncommutative ﬁeld theories deﬁned
by means of the Moyal–Groenewold product, see for example [16]).
Now, let us go to two loops. We will consider the noncommu-
tative case, the reduction to the commutative one presents no dif-
ﬁculties. Applying the expansion given in Eqs. (4)–(8), we can ﬁnd
that the expression for the two-loop effective action Γ (2) looks
like,
Γ (2) = −i
∫
Dφ exp
(
i
2
φ
[
D2 − V ′′(Φ)]φ
)
×
[
1
2
(
1
3! V
′′′(Φ)φ3∗
)2
− 1
4! V
(IV)(Φ)φ4∗
]
. (20)
The two-loop contributions are given by two supergraphs,
(a) (b)
Since we are interested in calculating the two-loop contribu-
tion to the Kählerian effective action, we can effectively assume
that DαΦ = 0, so that the background ﬁeld dependent mass M =
V ′′(Φ) is independent of θ , thus the simple propagator
〈
φ(z1)φ(z2)
〉= −i D2 + M− M2 δ5(z1 − z2), (21)
can be used. We also remind that the background superﬁeld is
constant, so it is not affected by the Moyal product [5].
The vertices in the noncommutative case look like:∫
d5z V ′′′(Φ)φ∗3
=
∫
d2θ
∫
d3k1 d3k2 d3k3
(2π)9
(2π)3δ(k1 + k2 + k3) cos(k1 ∧ k2)
× V ′′′(Φ)φ(k1)φ(k2)φ(k3); (22)∫
d5z V (IV)(Φ)φ∗4
= 1
3
∫
d2θ
∫
d3k1 d3k2 d3k3 d3k4
(2π)12
(2π)3δ(k1 + k2 + k3 + k4)
× [cos(k1 ∧ k2) cos(k3 ∧ k4) + cos(k1 ∧ k3) cos(k2 ∧ k4)
+ cos(k1 ∧ k4) cos(k2 ∧ k3)
]
× V (IV)(Φ)φ(k1)φ(k2)φ(k3)φ(k4). (23)
Here k∧ p = kμΘμν pν , where Θμν is the matrix characterizing the
underlying noncommutativity of the space–time.
Thus, the contributions from diagram (a) and (b) respectively,
after trivial D-algebra transformations, look like
Γ
(2)
a = 18
∫
d5z
[
V ′′′(Φ)
]2
M
×
∫
d3kd3l
(2π)6
1+ cos(2k ∧ l)
(k2 + M2)(l2 + M2)[(k + l)2 + M2] , (24)
andΓ
(2)
b = −
1
12
∫
d5z V (IV)(Φ)
×
∫
d3kd3l
(2π)6
2+ cos(2k ∧ l)
(k2 + M2)(l2 + M2) . (25)
The commutative result is obtained by setting the noncommutativ-
ity to zero before integrating these equations. In the noncommuta-
tive case, we calculate these integrals using well-known relations
(see f.e. [17]). Proceeding in a similar way to [5], and considering
the noncommutativity matrix as Θμν = ε0μνΘ , we obtain
Γ
(2)
a = 18
∫
d5z
[
V ′′′(Φ)
]2
M
[
− 1
32π2
− 1
32π2
ln
M2
μ2
+ 3
256π2Θ2M4
]
+O(Θ). (26)
The divergence can be canceled via an appropriate counterterm.
Also, one can conclude that this contribution is singular at Θ → 0
which is a natural consequence of the fact that in the commutative
limit this contribution is divergent. This singularity has the same
nature as the common UV/IR infrared singularity characteristic of
noncommutative theories.
For the Γb , we proceed in a similar way and ﬁnd
Γ
(2)
b = −
1
12
∫
d5z V (IV)(Φ)
[
M2
8π2
+ 1
64π2Θ2M2
]
. (27)
In this case, there is no UV divergence but there is again a Θ = 0
singularity. The whole two-loop Kählerian effective action is hence
a sum of (26) and (27).
In the commutative case these expressions look like
Γ
(2)
a,C =
1
4
∫
d5z
[
V ′′′(Φ)
]2
M
[
− 1
32π2
− 1
32π2
ln
M2
μ2
]
, (28)
and
Γ
(2)
b,C = −
1
8
∫
d5z V (IV)(Φ)
M2
8π2
. (29)
For the sake of concreteness, we consider the classical potential
V (Φ) =mΦ2/2+λΦ4∗/4!. Using our previous results, the Kählerian
effective potential in the noncommutative case can be cast as
K (Φ) = 1
48
{
24mΦ2 + 2λΦ4 + 3
π
(
m + λ
2
Φ2
)2
− λ
16π2
1
(m + λ2Φ2)2
[
1
Θ2
+ 8
(
m + λ
2
Φ2
)4]
+ 3λ
2
128π2
(
m + λ
2
Φ2
)
Φ2
[
3
Θ2(m + λ2Φ2)4
− 8 ln (m +
λ
2Φ
2)2
μ2
]}
, (30)
where we used the minimal subtraction scheme to renormalize the
theory. It is clear that this expression for m = 0 displays a singu-
larity at λ = 0, therefore in this case the perturbative expansion is
broken, which is a consequence of the noncommutativity in this
theory (see also [5] for the four-dimensional analog of this prob-
lem).
Up to now, we have considered only the Kählerian effective ac-
tion. Let us describe the general procedure to obtain the one-loop
effective potential taking into account the supercovariant deriva-
tives of the background superﬁeld. As we have already noticed, the
one-loop effective action (11) reads
Γ (1) = i Tr ln(D2 + Ψ ), (31)
2
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representation, we can write this effective action as
Γ (1) = i
2
∫
d5z
∫
ds
s
eis(D
2+Ψ )δ5(z − z′)|z=z′ . (32)
We then introduce the operator
Ω(s) = eis(D2+Ψ ), (33)
which can be expanded in a power series in the supercovariant
derivatives as
Ω(s) = 1+ c0(s) + cα1 (s)Dα + c2(s)D2. (34)
We note that higher degrees of the spinor derivatives can be re-
duced to the structures which are already present in Eq. (34) by
using the rules DαDβ = i∂αβ − CαβD2, (D2)2 =  and DαD2 =
−i∂αβDβ . The coeﬃcient functions c0, c1, c2 depend analytically
on s, the superﬁeld Ψ and its supercovariant derivatives, and the
space–time derivatives ∂αβ , which act on the delta function ap-
pearing in Eq. (32).
The operator Ω(s) satisﬁes the differential equation
1
i
dΩ
ds
= Ω(D2 + Ψ ). (35)
Substituting here the explicit form for Ω(s) in Eq. (33), we obtain
a coupled set of differential equations for the coeﬃcient functions
c0, c1, c2,
1
i
dc0
ds
= c0Ψ + c2
(+ D2Ψ )+ cα1 (DαΨ ) + Ψ, (36a)
1
i
dcα1
ds
= −ic1γ ∂γα + cα1Ψ + c2DαΨ, (36b)
1
i
dc2
ds
= c0 + c2Ψ + 1. (36c)
As Ω(s = 0) = 1, the initial conditions are c0(0) = cα1 (0) =
c2(0) = 0. Since this is a linear inhomogeneous system of differ-
ential equations, the solution is of the form ci(s) = bieiωs + di ,
where bi and di are some s-independent coeﬃcients. Substituting
this ansatz into Eqs. (36), one ﬁnds for the solution of the homo-
geneous equation,
(ω − Ψ )b0 = b2
(+ D2Ψ )+ bα1 (DαΨ ), (37a)
(ω − Ψ )bα1 = −ib1β∂βα + b2DαΨ, (37b)
(ω − Ψ )b2 = b0, (37c)
and for the particular solution of the inhomogeneous one,
d0Ψ + d2
(+ D2Ψ )+ dα1 (DαΨ ) + Ψ = 0, (38a)
−id1γ ∂γα + dα1Ψ + d2DαΨ = 0, (38b)
d0 + d2Ψ + 1 = 0. (38c)
Eqs. (37), after some simpliﬁcations, imply in the following equa-
tion,
b1γ
[(
ω − Ψ + 1
2
DβΨ DβΨ
(ω − Ψ )2 −− (D2Ψ )
)
Cαγ − i∂αγ
]
= 0.
(39)
Since b1γ = 0 (otherwise the solution is trivial), the ω’s can be
found requiring that the 2× 2 matrix γα deﬁned as
γα =
(
ω − Ψ + 1
2
DβΨ DβΨ
(ω − Ψ )2 −− (D2Ψ )
)
Cαγ − i∂αγ (40)must have zero determinant. This condition is solvable in principle,
but we will not pursue this solution here. As in four dimensions
[3,4], the evaluation of the non-Kählerian part of the effective ac-
tion can be done using these methods, but it is technically quite
diﬃcult and the results, when found, would be extremely compli-
cated.
In summary we developed a superﬁeld method for calcula-
tion of the effective potential in three-dimensional supersymmetric
ﬁeld theories. We succeeded to obtain explicit expressions for the
Kählerian effective potential (which depends on superﬁeld Φ but
not on its derivatives) up to two loops, in the noncommutative
case; the corresponding results for commutative theories follows
from simple modiﬁcations in our formulas. In principle, our ap-
proach can be directly generalized for higher loops. We have also
shown the approach for the much more diﬃcult calculation of the
non-Kählerian contributions to the effective action and potential.
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